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Four problems for CDM on 
small scales? 

1. The “missing satellites” problem 

2. The “too-big-to-fail” problem 

3.  The “core-cusp” problem  
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The “missing satellites” problem 
in CDM 

The	
  satellites	
  of	
  the	
  MW	
   Dark	
  ma2ter	
  subhalos	
  in	
  CDM	
  

• Why are most subhalos  
dark? 

“Missing satellites” problem:  

The Milky Way has only about 25 satellites 

BUT: CDM halos have a very large number of 
subhalos   
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The “too-big-to-fail” problem 

The	
  satellites	
  of	
  the	
  MW	
   Dark	
  ma2ter	
  subhalos	
  in	
  CDM	
  

• Why did these not make a 
galaxy? 

Vc =
GM
r

“Too-big-to-fail” problem:  

Milky way has only  3 satellites with Vmax>30 km/s 

BUT:    CDM has ~10 subhalos with Vmax>30 km/s 

V max = max Vc 
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• cold dark matter • warm dark matter  

Lovell, Eke, Frenk, Gao, Jenkins, Theuns  ‘12 

The core-cusp problem 

“Core-cusp” problem:  

CDM halos & subhalos have cuspy density profiles 

BUT: kinematical data are said to  “show” that the 
dwarf satellites of the Milky Way have cores 
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The “satellite disk” problem 

MW satellites  

Direction of ang. mom. Milky Way 

Lynden-Bell ‘76 
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“We find that 0.04% of host 
galaxies [in Millennium II] display 

satellite alignments that are at 
least as extreme as the 

observations, when we consider 
their extent, thickness, and 

number of members rotating in 
the same sense.” 

The curious case of a thin, 
“rotating” plane of sats in M31 

12 !

!

Figure 1: Map of the Andromeda satellite system. The homogenous PAndAS survey (irregular 

polygon) provides the source catalogue for the detections and distance measurements of the 27 

satellite galaxies20  (filled circles) used in this study.  Near M31 (ellipse), the high background 

hampers the detection of new satellites and precludes reliable distance measurements for M32 and 

NGC 205 (black open circles); we therefore exclude the region inside 2◦.5 (dashed circle) from the 

analysis. The seven satellites known outside the PandAS area (green circles/arrows) constitute a 

heterogenous sample, discovered in various surveys with non-uniform spatial coverage, and their 

distances are not measured in the same homogenous way. Since a reliable spatial analysis requires 

a dataset with homogenous selection criteria, we do not include these objects in the sample either. 

The analysis shows that satellites marked red are confined to a highly planar structure. Note that 

this structure is approximately perpendicular to lines of constant Galactic latitude, so it is therefore 

aligned approximately perpendicular to the Milky Way’s disk (the grid squares are 4◦  × 4◦). 

Ibata et al ‘13 found a plane of 
15 satellites in Andromeda (out 

of 27) of which 13 have the 
same sense of rotation 

They claim a 4.3σ detection

Ibata et al ‘13 
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The cosmic power spectrum: from 
the CMB to the 2dFGRS 

Sanchez et al 06 

⇒ ΛCDM provides an 
excellent description of 
mass power spectrum 

from 10-1000 Mpc 

ΛCDM 
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The cosmic power spectrum: from 
the CMB to the 2dFGRS 

ΛCDM 

wavenumber k (comoving h-1 Mpc)-1 

1000 10  wavelength k-1 (comoving h-1 Mpc) 
Free streaming à 
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cold dark matter • warm dark matter  

Lovell, Eke, Frenk, Gao, Jenkins, Wang, White, Theuns, 
Boyarski & Ruchayskiy  ‘12 
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Four problems on small scales 

Can these help distinguish between CDM & WDM? 

1. The “missing satellites” problem 

2. The “too-big-to-fail” problem 

3. The “core-cusp” problem  

4. The “satellite disk” problem 

Traditionally ascribed to CDM: 

Different in WDM 

The same in WDM 
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“We find that 0.04% of host 
galaxies [in Millennium II] display 

satellite alignments that are at 
least as extreme as the 

observations, when we consider 
their extent, thickness, and 

number of members rotating in 
the same sense.” 

The curious case of a thin, 
“rotating” plane of sats in M31 
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Figure 1: Map of the Andromeda satellite system. The homogenous PAndAS survey (irregular 

polygon) provides the source catalogue for the detections and distance measurements of the 27 

satellite galaxies20  (filled circles) used in this study.  Near M31 (ellipse), the high background 

hampers the detection of new satellites and precludes reliable distance measurements for M32 and 

NGC 205 (black open circles); we therefore exclude the region inside 2◦.5 (dashed circle) from the 

analysis. The seven satellites known outside the PandAS area (green circles/arrows) constitute a 

heterogenous sample, discovered in various surveys with non-uniform spatial coverage, and their 

distances are not measured in the same homogenous way. Since a reliable spatial analysis requires 

a dataset with homogenous selection criteria, we do not include these objects in the sample either. 

The analysis shows that satellites marked red are confined to a highly planar structure. Note that 

this structure is approximately perpendicular to lines of constant Galactic latitude, so it is therefore 

aligned approximately perpendicular to the Milky Way’s disk (the grid squares are 4◦  × 4◦). 

Ibata et al ‘13 found a plane of 
15 satellites in Andromeda (out 

of 27) of which 13 have the 
same sense of rotation 

They claim a 4.3σ detection

Ibata et al ‘13 
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In random distribution, 1 in 30,000 chance of finding a 
plane of 15 sats (out of 27) as thin found by Ibata et al., 

with at least 13 having same sense of rotation    
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The significance of Ibata’s plane 

•  Significance of 
Ibata’s plane is 
reduced by x100 
when trials factor is 
included 

•  8.8% of halos in 
ΛCDM simulation 
have even more 
prominent disks 
than Ibata’s  

Cautun et al ‘15 

For isotropic 
distribution 

CDM 
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The “satellite disk” problem 

MW satellites  

Direction of ang. mom. Milky Way 

Lynden-Bell ‘76 
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0.5 Mpc/h 

The Millennium/Aquarius simulation series 

Springel et al ‘05, ‘08 
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 No, when statistics are properly calculated 

Is there a “satellite disks problem” in 
CDM? 

 Satellite planes are v. common in ΛCDM: 5 & 9% 
of halos have even more prominent planes than 

Milky Way and Andromeda 
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Four problems for CDM on 
small scales? 

1. The “missing satellites” problem 

2. The “too-big-to-fail” problem 

3.  The “core-cusp” problem  

4. The “satellite disk” problem 
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These problems have all been identified in N-body 
simulations that follow only dark matter 

Need to consider “baryon effects” 
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The “missing satellites” problem 

The	
  satellites	
  of	
  the	
  MW	
   Dark	
  ma2ter	
  subhalos	
  in	
  CDM	
  

“Missing satellites” problem:  

The Milky way has only about 25 satellites 

BUT: CDM halos have a huge number of subhalos   

• Why are most suhbhalos 
dark? 
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The CDM halo mass function 

Jenkins et al. ‘01  

The CDM halo mass function 
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The halo mass function 
and the galaxy 

luminosity function have 
different shapes 

Complicated variation of 
M/L with halo mass 

Dark halos 
(const M/L) 

Observed 
galaxies 

The galaxy luminosity function 

photoionization + SN feedback 

AGN feedback 

White & Frenk ‘91; Kauffmann et al ‘93; Benson 
et al ’03; Croton et al ‘06; Bower et al. ’06  

Galaxy luminosity not 
just        halo mass  

€ 

∝
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•  Reionization heats gas above Tvir, preventing it 
from cooling and forming stars in small halos 

•    Supernovae feedback expels residual gas  

Most subhalos never make a galaxy!  

Making a galaxy in a small halo is hard because:  
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Luminosity Function of Local 
Group Satellites 

LG data 

•  Median model à correct 
abund. of sats brighter than  
MV=-9 and Vcir > 12 km/s 

•  Model predicts many, as yet 
undiscovered, faint satellites 

•  LMC/SMC should be rare 
(~2% of cases) 

dark halos 
(const M/L)  

Benson, Frenk, Lacey, Baugh & Cole ’02 
(see also Kauffman etal ’93, Bullock etal ’01) 
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Luminosity Function of Local 
Group Satellites 

LG data 

•  Median model à correct 
abund. of sats brighter than  
MV=-9 and Vcir > 12 km/s 

•  Model predicts many, as yet 
undiscovered, faint  satellites 

•  LMC/SMC should be rare 
(~2% of cases) 

Benson, Frenk, Lacey, Baugh & Cole ’02 
(see also Kauffman etal ’93, Bullock etal ’01) 

★ 
★ 

★ 

★ 
★ 

Koposov et al 08 
(SDSS) 
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“Evolution and assembly of galaxies and 
their environment” 
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Galaxy stellar mass function 

EAGLE 

Semi-analytic 
models 

Eagle gives a good 
match to observed 

stellar mass fn over 5 
orders of magnitude in 

stellar mass 



Sawala et al ‘15 

Local 
Group 

hydro sims 
w. EAGLE 

APOSTLE 
project 

Dark matter 



Far fewer satellite galaxies than CDM halos 

Stars 

Sawala et al ‘15 

Local 
Group 

hydro sims 
w. EAGLE 

APOSTLE 
project 
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EAGLE Local Group simulation 

Subhalo mass functions 

Sawala et al ‘15 

Dark matter 
subhalos 
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EAGLE Local Group simulation 

Milky Way 
(obs) 

 M31 
(obs) 

Local volume 
(obs) 

Dark matter 
subhalos 

Stellar mass functions 

Sawala et al ‘15 
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EAGLE Local Group simulation 

Stellar mass functions 

Sawala et al ‘15 

Milky Way 
(obs) 

 M31 
(obs) 

Local volume 
(obs) 

Dark matter 
subhalos 
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EAGLE Local Group simulation 

Stellar mass functions 

Sawala et al ‘15 

Milky Way 
(obs) 

 M31 
(obs) 

Local volume 
(obs) 

Dark matter 
subhalos 
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EAGLE Local Group simulation 

Stellar mass functions 

Sawala et al ‘15 

Milky Way 
(obs) 

 M31 
(obs) 

Local volume 
(obs) 

Dark matter 
subhalos 
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EAGLE Local Group simulation 

Stellar mass functions 

Sawala et al ‘15 

Milky Way 
(obs) 

 M31 
(obs) 

Local volume 
(obs) 

Dark matter 
subhalos 
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 No, when galaxy formation is taken into account!  

Is there a “satellite problem” in CDM? 
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Four problems for CDM on 
small scales? 

1. The “missing satellites” problem 

2. The “too-big-to-fail” problem 

3.  The “core-cusp” problem  
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The “too-big-to-fail” problem 

The	
  satellites	
  of	
  the	
  MW	
   Dark	
  ma2ter	
  subhalos	
  in	
  CDM	
  

MW has only 3 satellites 
with Vmax>30 km/s 

(LMC, SMC, Sgr) 

CDM has ~10 subhalos with 
Vmax>30 km/s 

• Why did these not make a 
galaxy? 

Vc =
GM
r

V max = max Vc 



Rotation curves of Aquarius subhalos  
Boylan-Kolchin et al.‘11 

9 dwarf 
satellites of 
Milky Way: 
mass within 

half-light 
radius  

Excludes 
LMC, SMC, 
Sagittarius 

€ 

Vc =
GM
r
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Too-big-to-fail in CDM: baryon effects 

Vmax
hydro /Vmax

DMO
Reduction in Vmax due to 

SN feedback: 

à Lowers halo mass & 
thus halo growth rate  

Sawala et al. ‘13, ‘15 

CDM 
Vc =

GM
r

V max = max Vc 
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Too-big-to-fail: the baryon bailout 

V
c 
(k

m
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) DM-only 
simulation 

Number of subhalos of given Vmax  is greatly 
reduced in gas simulations 

DARK MATTER ONLY 
M31 MW 

Sawala et al. ‘15 
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DM only sims à ~10 halos 
with Vmax> 30 km/s 

Too-big-to-fail: the baryon bailout 
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Satelite Vmax functions 

Subhalos in 
dark matter 
only LG sim.  
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Hydro sims à ~3 satellites 
with Vmax> 30 km/s 

Too-big-to-fail: the baryon bailout 

Satelite Vmax functions 

Sats in 
gas sim  

“M31, MW” 
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Subhalos in 
dark matter 
only LG sim.  
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Satellite 
galaxies 

… and with correct Vmax function! 

Hydro sims à ~3 satellites 
with Vmax> 30 km/s 

Too-big-to-fail: the baryon bailout 
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Satelite Vmax functions 

Subhalos in 
dark matter 
only LG sim.  
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 No, when galaxy formation is taken into account!  

Is there a “too-big-to-fail” problem in CDM? 
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Four problems for CDM on 
small scales? 

1. The “missing satellites” problem 

2. The “too-big-to-fail” problem 

3.  The “core-cusp” problem  

4. The “satellite disk” problem 



The Density Profile of Cold Dark 
Matter Halos 

Shape of halo profiles 
~independent of halo mass & 

cosmological parameters 

  Density profiles are “cuspy” - 
no `core’ near the centre 

Fitted by simple formula:  

 

 

 

(Navarro, Frenk & White ’97) 
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Sawala et al ‘15 



The core-cusp problem 

“Core-cusp” problem:  

CDM halos & subhalos have cuspy profiles 

BUT: kinematical data are said to “show” that the 
dwarf satellites of the Milky Way have cores 
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Sculptor 

Leo I 

Sagittarius 
Sextans 

Dwarf galaxies around the Milky Way 

Carina 

Fornax 



University of Durham 

Institute for Computational Cosmology Walker & Peñarrubia ‘11 

The DM halo of the Sculptor dwarf  

Sculptor has two  stellar pops:   

(i) centrally concentrated, high 
[Fe/H] 

(ii) extended, low [Fe/H] 

High [Fe/H] 

Low [Fe/H] 

€ 

M(< r) = µ
r <σ los

2 >
G

Walker ‘10; Wolf et al ‘10à 
if r=r1/2 , µ=2.5, independently of 

model assumptions! 

Core 
Cusp 

Sculptor data seem 
to require a core! 
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The DM halo of the Sculptor dwarf  
Strigari, Frenk & White ‘14 

Distribution function analysis of 2 metallicity pop. data of Battaglia et al. 

Dynamical models for the Sculptor dwarf spheroidal in a ΛCDM universe 3

tively, where v is the modulus of the velocity vector and θ
is the angle between this vector and the star’s position vec-
tor relative to system centre. Given a static and spherically
symmetric gravitational potential well, any positive definite
function f(E, J) corresponds to the phase-space distribution
function of some stable, dynamically mixed and spherically
symmetric equilibrium for a stellar population. In this paper
we will consider only models in which the dependence on E
and J is separable,

f(E, J) = g(J)h(E), (4)

with both g(J) and h(E) positive definite and given by sim-
ple parametric forms. It would be easy to build more general,
non-separable models as a superposition of several individu-
ally separable components, but we will not pursue this fur-
ther here.

The stellar density profile and the radial and tangential
stellar velocity dispersion profiles of such models are given
by

ρ⋆(r) = 2π

∫ π

0

dθ sin θ

∫ vesc

0

dvv2g(J)h(E) (5)

ρ⋆σ
2
r (r) = 2π

∫ π

0

dθ cos2 θ sin θ

∫ vesc

0

dvv4g(J)h(E) (6)

ρ⋆σ
2
t (r) = π

∫ π

0

dθ sin2 θ sin θ

∫ vesc

0

dvv4g(J)h(E) (7)

where vesc =
√

2[Φlim − Φ(r)]. Note that with the definition
we are using here the total velocity dispersion at radius r is

σ2
tot(r) = σ2

r (r) + 2σ2
t (r). (8)

Eqns 5, 6, and 7 can be combined to give the projected
stellar density profile and stellar line-of-sight velocity dis-
persion profile at a fixed projected distance R:

I⋆(R) = 2

∫

∞

0

ρ⋆(r)dz, (9)

I⋆(R)σ2
los(R) = 2

∫

∞

0

ρ⋆(r)
z2σ2

r +R2σ2
t

z2 +R2
dz, (10)

where r2 = z2 +R2.
A particularly interesting and simple case occurs when

the angular momentum dependence is taken to be a power
law,

g(J) = Jb, (11)

where b > −2 is a constant. For this assumption, the in-
tegrals over v and θ separate in Eqns 5, 6 and 7, and the
ratio of the two velocity dispersions is independent both of
r and of h(E). The lower limit on b is required for the θ
integrals to converge for small θ. For this choice of g(J) the
orbital anisotropy of the stellar population model, usually
parametrized as

β(r) = 1− σ2
t (r)/σ

2
r(r), (12)

is independent of radius and depends on b alone, β = −b/2.
For an isotropic velocity distribution, β = b = 0. For near-
radial orbits β is close to unity and b approaches its lower
limit of −2, while for near-circular orbits b is very large and
positive while β is very large and negative.

In this paper we will investigate models where the or-
bital anisotropy varies with radius and we therefore need a

more general form for g(J). We consider the function,

g(J) =

⎡

⎣

(

J
Jβ

)

b0
α

+

(

J
Jβ

)

b1
α

⎤

⎦

α

, (13)

which interpolates between a power law of index b0 at J ≪
Jβ and a power law of index b1 at J ≫ Jβ . The parameter
α controls the rapidity of the transition between the two
regimes at the characteristic scale, Jβ , which corresponds to

a radius of order rβ = Jβ/Φ1/2
s . In addition, α is required

to be positive for b1 > b0 and to be negative in the opposite
case.

For simplicity when comparing with the Sculptor data,
we in most cases prefer to use a function with fewer free
parameters and to assume that the velocity distribution is
isotropic near the centre, as seems plausible on general the-
oretical grounds. We therefore set |α| = 1 and b0 = 0, re-
sulting in the simpler expression

g(J) =

{

[

1 + (J/Jβ)
−b

]−1
, for b ≤ 0

1 + (J/Jβ)
b, for b > 0.

(14)

The upper and lower cases here correspond to radially and
tangentially biased orbits at large angular momentum, re-
spectively. Both produce isotropy at small angular momenta
and so also at small radii. This simplified model retains
only two parameters, Jβ which sets the extent of the in-
ner isotropic region and b which determines the velocity
anisotropy at larger angular momenta.

For the energy distribution, h(E), we have found the
following form to be sufficiently general for our purposes:

h(E) =

{

NEa(Eq + Eq
c )

d/q(Φlim − E)e for E < Φlim

0 forE ≥ Φlim,
(15)

where the restriction Φlim ≤ Φs is required because orbits
with E ≥ Φs are unbound. The normalisation, N , in this
expression sets the amplitude of the stellar density profile,
while the exponent a determines the behaviour at small en-
ergies, hence as r → 0. Comparison with the simple scale-
free distribution functions explored by White (1981) shows
that at sufficiently small radii (where Φ ≪ Φs, E ≪ Ec

and J ≪ Jβ)) Eqns 2, 13 and 15 imply a power-law stellar
density profile, ρ⋆ ∝ r−γ , where

γ =

{

−a− 3(b0 + 1)/2, for 2a+ b0 < −3,

−b0, for 2a+ b0 > −3.
(16)

In the first of these two cases, the density in the innermost
regions is dominated by stars on orbits which are confined to
those regions, while in the second it is dominated by stars on
orbits which extend well beyond them. Our model for h(E)
thus produces a central cusp in the stellar density profile
when Eqn. 16 gives γ > 0.

At somewhat larger energies, E > Ec (hence at radii
larger than rc, where Φ(rc) = Ec) the density profile steep-
ens to a new slope, γ′, which is given by Eqn 16 with a
replaced by a + d where we assume d < 0. The rapidity
of the transition around rc is controlled by the parameter
q > 0. The final factor in Eqn 15 allows for truncation of the
stellar density at a radius, rlim, defined by Φ(rlim) = Φlim,
which is directly analogous to the “tidal radius” in the clas-
sic King models for globular clusters (King 1966). The shape

Dynamical models for the Sculptor dwarf spheroidal in a ΛCDM universe 3

tively, where v is the modulus of the velocity vector and θ
is the angle between this vector and the star’s position vec-
tor relative to system centre. Given a static and spherically
symmetric gravitational potential well, any positive definite
function f(E, J) corresponds to the phase-space distribution
function of some stable, dynamically mixed and spherically
symmetric equilibrium for a stellar population. In this paper
we will consider only models in which the dependence on E
and J is separable,

f(E, J) = g(J)h(E), (4)

with both g(J) and h(E) positive definite and given by sim-
ple parametric forms. It would be easy to build more general,
non-separable models as a superposition of several individu-
ally separable components, but we will not pursue this fur-
ther here.

The stellar density profile and the radial and tangential
stellar velocity dispersion profiles of such models are given
by

ρ⋆(r) = 2π

∫ π

0

dθ sin θ

∫ vesc

0

dvv2g(J)h(E) (5)

ρ⋆σ
2
r (r) = 2π

∫ π

0

dθ cos2 θ sin θ

∫ vesc

0

dvv4g(J)h(E) (6)

ρ⋆σ
2
t (r) = π

∫ π

0

dθ sin2 θ sin θ

∫ vesc

0

dvv4g(J)h(E) (7)

where vesc =
√

2[Φlim − Φ(r)]. Note that with the definition
we are using here the total velocity dispersion at radius r is

σ2
tot(r) = σ2

r (r) + 2σ2
t (r). (8)

Eqns 5, 6, and 7 can be combined to give the projected
stellar density profile and stellar line-of-sight velocity dis-
persion profile at a fixed projected distance R:

I⋆(R) = 2

∫

∞

0

ρ⋆(r)dz, (9)

I⋆(R)σ2
los(R) = 2

∫

∞

0

ρ⋆(r)
z2σ2

r +R2σ2
t

z2 +R2
dz, (10)

where r2 = z2 +R2.
A particularly interesting and simple case occurs when

the angular momentum dependence is taken to be a power
law,

g(J) = Jb, (11)

where b > −2 is a constant. For this assumption, the in-
tegrals over v and θ separate in Eqns 5, 6 and 7, and the
ratio of the two velocity dispersions is independent both of
r and of h(E). The lower limit on b is required for the θ
integrals to converge for small θ. For this choice of g(J) the
orbital anisotropy of the stellar population model, usually
parametrized as

β(r) = 1− σ2
t (r)/σ

2
r(r), (12)

is independent of radius and depends on b alone, β = −b/2.
For an isotropic velocity distribution, β = b = 0. For near-
radial orbits β is close to unity and b approaches its lower
limit of −2, while for near-circular orbits b is very large and
positive while β is very large and negative.

In this paper we will investigate models where the or-
bital anisotropy varies with radius and we therefore need a

more general form for g(J). We consider the function,

g(J) =

⎡

⎣

(

J
Jβ

)

b0
α

+

(

J
Jβ

)

b1
α

⎤

⎦

α

, (13)

which interpolates between a power law of index b0 at J ≪
Jβ and a power law of index b1 at J ≫ Jβ . The parameter
α controls the rapidity of the transition between the two
regimes at the characteristic scale, Jβ , which corresponds to

a radius of order rβ = Jβ/Φ1/2
s . In addition, α is required

to be positive for b1 > b0 and to be negative in the opposite
case.

For simplicity when comparing with the Sculptor data,
we in most cases prefer to use a function with fewer free
parameters and to assume that the velocity distribution is
isotropic near the centre, as seems plausible on general the-
oretical grounds. We therefore set |α| = 1 and b0 = 0, re-
sulting in the simpler expression

g(J) =

{

[

1 + (J/Jβ)
−b

]−1
, for b ≤ 0

1 + (J/Jβ)
b, for b > 0.

(14)

The upper and lower cases here correspond to radially and
tangentially biased orbits at large angular momentum, re-
spectively. Both produce isotropy at small angular momenta
and so also at small radii. This simplified model retains
only two parameters, Jβ which sets the extent of the in-
ner isotropic region and b which determines the velocity
anisotropy at larger angular momenta.

For the energy distribution, h(E), we have found the
following form to be sufficiently general for our purposes:

h(E) =

{

NEa(Eq + Eq
c )

d/q(Φlim − E)e for E < Φlim

0 forE ≥ Φlim,
(15)

where the restriction Φlim ≤ Φs is required because orbits
with E ≥ Φs are unbound. The normalisation, N , in this
expression sets the amplitude of the stellar density profile,
while the exponent a determines the behaviour at small en-
ergies, hence as r → 0. Comparison with the simple scale-
free distribution functions explored by White (1981) shows
that at sufficiently small radii (where Φ ≪ Φs, E ≪ Ec

and J ≪ Jβ)) Eqns 2, 13 and 15 imply a power-law stellar
density profile, ρ⋆ ∝ r−γ , where

γ =

{

−a− 3(b0 + 1)/2, for 2a+ b0 < −3,

−b0, for 2a+ b0 > −3.
(16)

In the first of these two cases, the density in the innermost
regions is dominated by stars on orbits which are confined to
those regions, while in the second it is dominated by stars on
orbits which extend well beyond them. Our model for h(E)
thus produces a central cusp in the stellar density profile
when Eqn. 16 gives γ > 0.

At somewhat larger energies, E > Ec (hence at radii
larger than rc, where Φ(rc) = Ec) the density profile steep-
ens to a new slope, γ′, which is given by Eqn 16 with a
replaced by a + d where we assume d < 0. The rapidity
of the transition around rc is controlled by the parameter
q > 0. The final factor in Eqn 15 allows for truncation of the
stellar density at a radius, rlim, defined by Φ(rlim) = Φlim,
which is directly analogous to the “tidal radius” in the clas-
sic King models for globular clusters (King 1966). The shape
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tively, where v is the modulus of the velocity vector and θ
is the angle between this vector and the star’s position vec-
tor relative to system centre. Given a static and spherically
symmetric gravitational potential well, any positive definite
function f(E, J) corresponds to the phase-space distribution
function of some stable, dynamically mixed and spherically
symmetric equilibrium for a stellar population. In this paper
we will consider only models in which the dependence on E
and J is separable,

f(E, J) = g(J)h(E), (4)

with both g(J) and h(E) positive definite and given by sim-
ple parametric forms. It would be easy to build more general,
non-separable models as a superposition of several individu-
ally separable components, but we will not pursue this fur-
ther here.

The stellar density profile and the radial and tangential
stellar velocity dispersion profiles of such models are given
by

ρ⋆(r) = 2π

∫ π

0

dθ sin θ

∫ vesc

0

dvv2g(J)h(E) (5)

ρ⋆σ
2
r (r) = 2π
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0

dθ cos2 θ sin θ

∫ vesc

0

dvv4g(J)h(E) (6)

ρ⋆σ
2
t (r) = π

∫ π

0

dθ sin2 θ sin θ

∫ vesc

0

dvv4g(J)h(E) (7)

where vesc =
√

2[Φlim − Φ(r)]. Note that with the definition
we are using here the total velocity dispersion at radius r is

σ2
tot(r) = σ2

r (r) + 2σ2
t (r). (8)

Eqns 5, 6, and 7 can be combined to give the projected
stellar density profile and stellar line-of-sight velocity dis-
persion profile at a fixed projected distance R:

I⋆(R) = 2

∫

∞

0

ρ⋆(r)dz, (9)

I⋆(R)σ2
los(R) = 2

∫

∞

0

ρ⋆(r)
z2σ2

r +R2σ2
t

z2 +R2
dz, (10)

where r2 = z2 +R2.
A particularly interesting and simple case occurs when

the angular momentum dependence is taken to be a power
law,

g(J) = Jb, (11)

where b > −2 is a constant. For this assumption, the in-
tegrals over v and θ separate in Eqns 5, 6 and 7, and the
ratio of the two velocity dispersions is independent both of
r and of h(E). The lower limit on b is required for the θ
integrals to converge for small θ. For this choice of g(J) the
orbital anisotropy of the stellar population model, usually
parametrized as

β(r) = 1− σ2
t (r)/σ

2
r(r), (12)

is independent of radius and depends on b alone, β = −b/2.
For an isotropic velocity distribution, β = b = 0. For near-
radial orbits β is close to unity and b approaches its lower
limit of −2, while for near-circular orbits b is very large and
positive while β is very large and negative.

In this paper we will investigate models where the or-
bital anisotropy varies with radius and we therefore need a

more general form for g(J). We consider the function,

g(J) =

⎡

⎣

(

J
Jβ

)

b0
α

+

(

J
Jβ

)

b1
α

⎤

⎦

α

, (13)

which interpolates between a power law of index b0 at J ≪
Jβ and a power law of index b1 at J ≫ Jβ . The parameter
α controls the rapidity of the transition between the two
regimes at the characteristic scale, Jβ , which corresponds to

a radius of order rβ = Jβ/Φ1/2
s . In addition, α is required

to be positive for b1 > b0 and to be negative in the opposite
case.

For simplicity when comparing with the Sculptor data,
we in most cases prefer to use a function with fewer free
parameters and to assume that the velocity distribution is
isotropic near the centre, as seems plausible on general the-
oretical grounds. We therefore set |α| = 1 and b0 = 0, re-
sulting in the simpler expression

g(J) =

{

[

1 + (J/Jβ)
−b

]−1
, for b ≤ 0

1 + (J/Jβ)
b, for b > 0.

(14)

The upper and lower cases here correspond to radially and
tangentially biased orbits at large angular momentum, re-
spectively. Both produce isotropy at small angular momenta
and so also at small radii. This simplified model retains
only two parameters, Jβ which sets the extent of the in-
ner isotropic region and b which determines the velocity
anisotropy at larger angular momenta.

For the energy distribution, h(E), we have found the
following form to be sufficiently general for our purposes:

h(E) =

{

NEa(Eq + Eq
c )

d/q(Φlim − E)e for E < Φlim

0 forE ≥ Φlim,
(15)

where the restriction Φlim ≤ Φs is required because orbits
with E ≥ Φs are unbound. The normalisation, N , in this
expression sets the amplitude of the stellar density profile,
while the exponent a determines the behaviour at small en-
ergies, hence as r → 0. Comparison with the simple scale-
free distribution functions explored by White (1981) shows
that at sufficiently small radii (where Φ ≪ Φs, E ≪ Ec

and J ≪ Jβ)) Eqns 2, 13 and 15 imply a power-law stellar
density profile, ρ⋆ ∝ r−γ , where

γ =

{

−a− 3(b0 + 1)/2, for 2a+ b0 < −3,

−b0, for 2a+ b0 > −3.
(16)

In the first of these two cases, the density in the innermost
regions is dominated by stars on orbits which are confined to
those regions, while in the second it is dominated by stars on
orbits which extend well beyond them. Our model for h(E)
thus produces a central cusp in the stellar density profile
when Eqn. 16 gives γ > 0.

At somewhat larger energies, E > Ec (hence at radii
larger than rc, where Φ(rc) = Ec) the density profile steep-
ens to a new slope, γ′, which is given by Eqn 16 with a
replaced by a + d where we assume d < 0. The rapidity
of the transition around rc is controlled by the parameter
q > 0. The final factor in Eqn 15 allows for truncation of the
stellar density at a radius, rlim, defined by Φ(rlim) = Φlim,
which is directly analogous to the “tidal radius” in the clas-
sic King models for globular clusters (King 1966). The shape

For each population: 

Parametrize: 

Find best-fit parameters using MCMC 

Assume pops in equil. in NFW halo: 

2 Strigari et al.

of techniques but treating the available stellar data as sam-
pled from a single stellar population and assuming spherical
symmetry has shown that the kinematic data are consistent
with an NFW halo potential, but also allow a core (Strigari
et al. 2010; Breddels et al. 2013; Richardson & Fairbairn
2014). These studies suggest a dark matter halo mass of
≃ 109 M⊙ for Sculptor (!Lokas 2009; Strigari et al. 2010;
Breddels et al. 2013).

The data for Sculptor are of sufficient quality that two
distinct stellar populations of differing metallicity can be
identified: a centrally concentrated metal-rich (MR) pop-
ulation and a more extended metal-poor (MP) popula-
tion (Battaglia et al. 2008, B08). The presence of two popu-
lations makes it possible to carry out more refined dynamical
analyses. Thus, applying the Jeans equation to each popula-
tion separately, B08 showed that their data could be fit by a
model in which the orbital distribution of each population is
isotropic near the centre and becomes radially biased in the
outer regions. They found a best fit for a model potential
with a core but also found the data to be consistent with
an NFW potential. Using Michie-King models for the stellar
distribution function, Amorisco & Evans (2012) also found
that while an NFW model provides an acceptable χ2 fit to
the data, models with a core seem to be preferred. On the
other hand, applying the projected virial theorem, Agnello
& Evans (2012) concluded that it is not possible to fit both
the MR and the MP populations with a single NFW model.

An independent dynamical analysis of Sculptor using
a larger sample of stars was carried out by (Walker & Pe-
narrubia 2011, WP11). Rather than simply separating the
observed stars into two populations according to their esti-
mated metallicity, they devised a statistical method which
fits the full dataset simultaneously with two constant ve-
locity dispersion, Plummer-profile populations of differing
metallicity, together with a contaminating Galactic compo-
nent. They then inserted the half-light radius and velocity
dispersion estimated for each population into the mass esti-
mator proposed by Walker et al. (2009). This allowed them
to infer the mass contained within each half-light radius and
thus the slope of the density profile between the two half-
light radii. They concluded that the slope is flatter than
predicted for an NFW profile at the 99% c.l.

In this study we carry out a new analysis of Sculptor
in an attempt to clarify the conflicting claims in the lit-
erature. The specific statistical question we ask is whether
the kinematic and photometric data for this galaxy exclude
potentials of the type predicted by ΛCDM. We re-examine
both the B08 and WP11 datasets from a different theoretical
perspective and discuss how they compare. There are both
similarities and differences between our analysis and those
that have been undertaken previously. Like B08 and Amor-
isco & Evans (2012), but unlike Agnello & Evans (2012)
and WP11, we exploit the full information contained within
the line-of-sight velocity dispersion and photometry profiles.
Like Amorisco & Evans (2012), but unlike B08, we build
models based on distribution functions. Our analysis differs
from that of Amorisco & Evans (2012) primarily in that we
use a more flexible form for the distribution function which
allows a wider range of energy distributions and velocity
anisotropies for the stars.

We conclude, in agreement with B08 and Amorisco &
Evans (2012), that NFW potentials are not excluded by the

B08 data. In addition, we show that the half-light radii and
velocity dispersions derived by WP11 from their data and
used by them to exclude NFW potentials, can, in fact, be
reproduced by equilibrium populations within such a po-
tential. For our more general models the constraints used
by Agnello & Evans (2012) are also no longer sufficient to
exclude NFW potentials. Indeed, the implied peak circular
velocity of the Sculptor dark matter halo and its concentra-
tion are consistent with the values predicted from ΛCDM
simulations. While an NFW potential gives an acceptable
fit to the Sculptor data, our analysis cannot exclude poten-
tials with a core, which, based on earlier work, we would
expect to give an equally good or even better fit.

This paper is organized as follows. In Section 2 we in-
troduce our model for the stellar distribution function. In
Section 3 we briefly discuss our methodology for fitting the
theoretical model to the data. In Section 4 we present our
results and, in Section 5, we compare them to previous stud-
ies, highlighting discrepancies where they exist.

2 MODELS

In this section we introduce the dynamical models we use to
interpret the observed stellar populations in Sculptor. We
assume each population to be spherically symmetric and
to be in dynamical equilibrium within a static and spher-
ically symmetric potential well. These are strong assump-
tions which should be treated as approximations. The ob-
served stellar distribution is clearly non-circular on the sky,
and Sculptor orbits within the potential of the Milky Way,
so the effective potential seen by its stars is time varying.
Some aspects of the effects of flattened potentials on the
dynamical analysis of dSph data are considered by Laporte
et al. (2013).

2.1 Dark matter

For the total mass density profile of the system we adopt an
NFW model,

ρ(r) =
ρs

x(1 + x)2
, (1)

with corresponding gravitational potential

Φ(r) = Φs

[

1− ln(1 + x)
x

]

, (2)

where we define Φs = 4πGρsr2s and x = r/rs. This sim-
ple model is determined by just two scale parameters, the
characteristic radius, rs, and the characteristic density, ρs.
Note that we define the potential to be zero at the centre
of the system and to be Φs at infinity. NFW models are of-
ten parametrized in terms of the maximum circular velocity,
Vmax, and the radius, rmax, at which this is attained. These
are related to rs and Φs through:

rmax = 2.16 rs; Vmax = 0.465
√

Φs. (3)

2.2 Stellar distribution function

We define the specific energy and specific angular momen-
tum of a star as E = v2/2 + Φ(r) and J = vr sin θ, respec-
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then insert the half-light radius and velocity dispersion ob-
tained for each population into the mass estimator proposed
by Walker et al. (2009):

Mh = M(Rh) = 2.5⟨σ2
los⟩Rh/G, (21)

which gives the mass, Mh, inside a sphere with radius equal
to the projected half-light radius, Rh, in terms of the mea-
sured velocity dispersion, σ2

los, and Rh
1. The derived in-

crease in estimated mass between the two values of Rh ap-
pears too large to be consistent with an NFW profile and
is close to that expected for a constant density core. WP11
conclude that NFW is excluded at the 99% c.l.

This conclusion is incompatible with our own, based
on the B08 data. In Fig. 4 we show the results of WP11
in the (Rh, Mh) plane, together with lines corresponding
to M ∝ rγ , with γ = 2 and γ = 3. Clearly, these results
agree much better with the dotted line representing a core
than with the dashed line representing an NFW cusp. Our
distribution function based MCMC analysis allows us to re-
construct Rh and Mh for all models consistent with the B08
data and residing in an NFW potential. Solid red and blue
contours in Fig. 4 give the 68% and 90% confidence regions
for the metal-rich and metal-poor populations respectively.
As expected, the centre points of these contours define a
slightly shallower slope than the dashed line since γ = 2
only in the innermost regions of an NFW profile. The half-
light radii found for the MR and MP populations in the two
analyses agree well but there is a clear offset in the derived
Mh values, although the contours do overlap. Hence, fitting
our models to the B08 data has resulted in lower velocity
dispersions for the MP and higher velocity dispersions for
the MR than estimated by WP11 from their own data.

This discrepancy could reflect differences in analysis or
between the B08 and WP11 datasets. To investigate this
further we compare in Fig. 5 the (Rh,σlos) values inferred for
the two underlying populations byWP11 with those inferred
directly for the observed populations from the B08 data. We
obtain the latter by numerically integrating the count and
velocity dispersion data shown in Fig. 1. Although the values
of Rh obtained from the two datasets agree well, the value
of σlos in WP11 is noticeably lower for the MR population,
and is noticeably higher for the MP population than in B08.
The shifts, however, are at the 1σ level. Some shift may be
expected because the two observed populations of B08 may
mix the two underlying populations of WP11, but it cannot
be large given the excellent agreement in the characteristic
radii inferred from the two studies.

Fig. 5 also shows contours from our MCMC analysis
constrained to fit both B08 populations in a single NFW
potential. The prior imposed by this constraint biases the
σlos estimate high by about 0.5σ for the MR population
and low by about 1σ for the MP population, thus enhancing
the offset from the WP11 estimates. Hence, the differing
conclusions in WP11 and in this paper are due, in part, to
differences in the data analyzed and, in part, to a difference
in the statistical question addressed: WP11 ask which profile
slope best fits their estimated (Rh,σlos) values, whereas we

1 This estimator is constructed to be only weakly sensitive to
the details of the density and velocity anisotropy profiles (see
also Wolf et al. 2010)
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Figure 4. Constraints from WP11 and from the models of this
paper in the (Rh,Mh) plane. The two straight lines and the con-
tours traced by open circles are taken directly from Figure 10
of WP11 and indicate M ∝ rα with α = 2, 3 and the 50% c.l.
regions given by their MCMC analysis for the parameters of the
two underlying populations. For comparison, the solid contours
show 68% and 90% c.l. regions from our own MCMC chains con-
strained by the B08 data and assuming both populations to be
in equilibrium within a single NFW potential.
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Figure 5. Overall light-weighted line-of-sight velocity dispersion
vs projected half-light radius. The dots linked by a solid line cor-
respond to the B08 MR and MP populations and the dots linked
by a dotted line to the two WP11 populations. The contours are
68% and 90% c.l. from MCMC chains for our stellar distribution
function models constrained by the B08 data and required to be
in equilibirum in a single NFW potential.

ask whether the B08 observations are able to exclude an
NFW potential.

An additional uncertainty in the approach of WP11
comes from the assumption that the coefficient in Eqn. 21
is independent of the detailed structure of each compo-
nent. We checked the relation between Mh, Rh, and σlos

for the MR and MP populations in the model of Fig. 1,
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Baryon effects in the MW satellites  
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Cores or cusps in dwarf gals?   

- Some dwarfs have rotation curves that agree well with EAGLE 

- Others have inner mass deficits compared to  ΛCDM expectation 

- In many cases, inner deficit much larger than seen in simulations 
that make cores 

EITHER  (i) dark matter more complex than in any current model 

OR         (ii)  current simulations fail to reproduce effects of baryons                  
  on inner regions of dwarfs 

AND/OR (iii) the mass profiles of  “inner mass deficit” galaxies 
  inferred from kinematic data are incorrect. 
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Conclusions  

•  ΛCDM: great success on scales > 1Mpc: CMB, LSS, gal evolution 

        Four “problems” on small scales: 

1.  Abundance of sats: simply a result of galaxy formation physics! 

2.  Too-big-to-fail: baryon effects lower Vmax in dwarfs by ~15%  

3.  Core-cusp:  no evidence for cores in satellites (baryon effects?) 

4.  Disk of satellites: incorrect claims of inconsistency w. ΛCDM 
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Not yet, but we’ll keep 
trying! 

 Is CDM ruled out?  


